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RÉSUMÉ. – Pour certaines séries aléatoires de Dirichlet presque surement chaque
points sur l’axe de p.s. convergence est un point de Picard sans aucune valeur
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Consider a random Dirichlet series
f (s,ω)=
∞∑
n=0
anZn(ω)e
−sλn (s = σ + it, 0= λ0 < λn ↑∞),(1)
where {an} ⊂ C and {Zn(ω)} is a sequence of random variables on a
complete probability space (Ω,F,P). It was proved [9] that if
lim
n→∞
n
λn
<∞, lim
n→∞
log |an|
λn
= 0,
(*) Supported by the National Natural Science Foundation of China and the Doctoral
Foundation of China.
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and
lim
n→∞
log |an|√
λn
=∞,
and if {Zn(ω)} is a Rademacher or Steinhaus sequence, then Re s = 0
is the axis of a.s. convergence and almost surely (a.s.) every point on
Re s = 0 is a Picard point in every neighbourhood of which f (s,ω) takes
every value a ∈ C except perhaps an exceptional value. There are some
extensions of this result [8].
In this paper some random Dirichlet series under weaker conditions
are studied and for the related Picard points there is no exceptional value
c ∈ C. Now D.L. Burkholder’s theorem on the Stein property [1] is
applied instead of Paley–Zygmund lemma [4]. The usual notions in the
Nevanlinna theory [3] and in the probability theory [4,5] are adopted.
1. The main result
Consider the random Dirichlet series (1) and suppose that
CD1: {λn} verifies
0= λ0 < λn ↑+∞, lim
n→∞
logn
λn
= 0;
CD2: {an}(⊂C) verifies
lim
n→∞
log |an|
λn
= 0, lim
n→∞
log |an|
logλn
=∞;
CD3: {Zn(ω)} is a sequence of nondegenerate independent equally-
distributed random variables on a complete probability space
(Ω,F,P), and
lim
n→∞
log |Zn|
λn
6 0 a.s.
Remark that the above sequence {Zn(ω)} is more general that Rade-
macher, Steinhaus, Gauss, and the so-called N-sequence [6].
THEOREM. – If the series (1) satisfies the conditions CD1–CD3, then
(i) the abscissa of a.s. convergence of the series (1) is 0.
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(ii)
inf
ε>0
inf
t0∈R
inf
a∈C limσ→+0 σn(σ ; t0− ε, t0 + ε;f (s,ω)= a)=∞ a.s.,
where n(σ ; t0− ε, t0+ ε;f (s,ω)= a) denotes the number of roots of the
equation f (s,ω)= a in {s: Re s > σ, |Im s − t0|< ε}.
From this theorem it is not difficult to deduce that for the random
Dirichlet series (1), with probability one, every point on the line: Re s = 0
is a Picard point of f (s,ω) with no exceptional value provided that the
conditions CD1–CD3 are satisfied.
2. Some lemmas
LEMMA 1. – Let
z=ψ(s)= 1− sh s
1+ sh s ,
where s ∈ B = {s: Re s > 0, |Im s| < pi/2}. We have the following
properties:
(i) The mapping z = ψ(s) maps conformally the domain B into the
unit disc {z: |z|< 1}, and its inverse mapping is
s = Ψ (z)= sh−1 1− z
1+ z , |z|< 1.(2)
(ii) For 0< r < 1, min{ReΨ (reiθ ): 06 θ 6 2pi}>Ψ (r).
(iii) For 0< r < 1, min{ReΨ (reiθ ): 06 θ 6 pi/4}6Ψ (r2).
(iv) For 0< r < 1, Ψ {z: |z|< r} ⊂ {s: Re s > Ψ (r), |Im s|< pi/2}.
Proof. – (i) Since
z=−e
−2s + 2e−s − 1
e−2s − 2e−s − 1 ,
it is not difficult to prove (i) [9].
(ii) Put z= reiθ (0< r < 1) and s = σ + it . Evidently,
sh s = 1− z
1+ z, sh s = shσ cos t + i chσ sin t.
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Hence
shσ cos t = 1− r
2
1+ 2r cos θ + r2 ,
chσ sin t = −2r sin θ
1+ 2r cos θ + r2
(3)
and consequently ∀θ ∈ [0,2pi ],
shσ > 1− r
2
1+ 2r cos θ + r2 >
1− r2
1+ 2r + r2 =
1− r
1+ r ,
and
ReΨ
(
reiθ
)= σ > sh−1 1− r
1+ r =Ψ(r).
The proof of (ii) is completed.
(iii) ∀θ ∈ [0, pi/4], (3) implies
| sin t|6 2r sin θ
1+ 2r cos θ + r2 6
√
2r
1+√2r + r2
and
cos t >
[
1−
( √2r
1+√2r + r2
)2]1/2
.
Hence, ∀θ ∈ [0, pi/4], by (3) and the above inequality
shσ 6 1
cos t
1− r2
1+√2r + r2 6
1− r2√
(1+√2r + r2)2 − 2r2
6 1− r
2
1+ r2
and consequently ∀θ ∈ [0, pi/4],
ReΨ
(
reiθ
)= σ 6 sh−1 1− r2
1+ r2 = Ψ
(
r2
)
.
The proof of (iii) is completed.
(iv) It is easily proved by (ii). This completes the proof of Lemma 1. 2
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LEMMA 2. – Let F(s) be holomorphic in the right half-plane: Re s >
0. Suppose t0 ∈R and ε > 0, and put
G(z)= F
(2ε
pi
Ψ (z)+ it0
)
,
where Ψ (z) is defined by (2). Then
(i) G(z) is holomorphic in the unit disc;
(ii) n(r,G = G0) 6 n((2ε/pi)Ψ (r); t0 − ε, t0 + ε;F = F0), where
F0 = F0(s) is holomorphic in Re s > 0,
G0 =G0(z)= F0
(2ε
pi
Ψ (z)+ it0
)
and n(r,G=G0) is a notation in the Nevanlinna theory.
Proof. – It follows from Lemma 1. 2
The following lemma is a special case of Lemma 1 in [7].
LEMMA 3. – Let G(z), G1(z) and G2(z) be holomorphic and G1(z)
and G2(z) be bounded in the unit disc. Then for any m> 0,
T (r,G)6
(
1+ 2
m
) 2∑
j=1
N
(
mr + 1
m+ 1 ,G=Gj
)
+A(m+ 2) log 1
1− r +B,
where A is an absolute constant, and B is a constant depending only
upon the functions G(z), G1(z) and G2(z).
LEMMA 4. – Let G(z) be holomorphic in the unit disc and satisfy
lim
r→1−0
[
T (r,G)/ log
1
1− r
]
=∞.(4)
Then for any bounded holomorphic function G0(z) in the unit disc, with
one possible exception,
lim
r→1−0(1− r)n(r,G=G0)=∞.(5)
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Proof. – By Lemma 3, for any function G0(z) bounded and holomor-
phic in the unit disc, with at most one exception,
lim
r→1−0N
(
mr + 1
m+ 1 ,G=G0
)
/ log
1
1− r =∞ ∀m> 0,
and hence
lim
r→1−0N(r,G=G0)/ log
1
1− r =∞.
If (5) were not verified, we would obtain a result contary to the above
inequality. 2
LEMMA 5. – Suppose that {ϕn(z)} is a sequence of linearly indepen-
dent bounded holomorphic functions in the unit disc D,ϕ0(z) ≡ 1, and
{cn} ⊂C and that
Φ(z)=
∞∑
n=0
cnϕn(z)
is holomorphic in D and satisfies
lim
r→1−0T (r,Φ)/ log
1
1− r =∞.
Then ∀N ∈ N, there exists at most one point (c01, c11, c21, . . . , cN1) ∈
CN+1 and a constant b ∈ C such that
lim
r→1−0(1− r)n
(
r,
N∑
k=0
ck1ϕk(z)+
∞∑
k=N+1
ckϕk(z)= b
)
<∞.
Proof. – If there were two points (c0j , c1j , . . . , cNj ) ∈ CN+1 (j = 1,2)
and two constants bj ∈ C (j = 1,2) verifying the conclusion of the
lemma, we would have
lim
r→1−0(1− r)n(r,Φ =ψj) <∞, j = 1,2,
where
ψj(z)=
N∑
k=0
(ck − ckj )ϕk(z)+ bj (j = 1,2)
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are two different bounded holomorphic functions in D. This is in contr-
action to Lemma 4. 2
LEMMA 6. – If the Dirichlet series
F(s)=
∞∑
n=0
an e
−sλn
satisfies the condition CD1 and
lim
n→∞
log |an|
λn
= 0,
then
lim
n→∞
log+ |an|
logλn
= l 6 lim
σ→+0
logm(σ)
log(1/σ )
6 lim
σ→+0
logM(σ)
log(1/σ )
6 l + lim
n→∞
logn
logλn
,
where
m(σ)=max
n
{|an| e−σλn}, M(σ )= sup
t∈R
{|F(σ + it)|}.
This lemma is Proposition 3.1 in [2] in the case that limn→∞ logn/
logλn <∞. It is not difficult to prove that it holds also otherwise.
LEMMA 7. – Let Z(ω) be a nondegenerate random variable. Then
there exist positive constants α and β such that
sup
a∈C
P
{|Z(ω)− a|6 α}6 β < 1.
Proof. – ∀r > 0, define
β(r)= sup
a∈C
P
{|Z(ω)− a|6 r}.
There exists a sequence {am(r)}(⊂C) depending upon r such that
β(r)= lim
m→∞P
{|Z(ω)− am(r)|6 r}= c.
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Evidently, c > 0.
We shall prove that ∀r > 0, {am(r)} is bounded. Since limR→∞ P{|Z|>
R + r} = 0, there exists R0 > 0 such that P{|Z| > R0 + r} < c/2.
Hence when m is sufficiently large, |am(r)| 6 R0 + 2r . Thus {am(r)}
is bounded and we can assume without loss of generality that ∀r > 0,
am(r)→ a0(r) ∈C as m→∞.
Now we shall prove
β(r)= P{|Z(ω)− a0(r)|6 r}.(6)
By definition,
β(r)> P
{|Z(ω)− a0(r)|6 r}.(7)
Put
Am = {|Z(ω)− am(r)|6 r}.
Then P{Am}6 P{⋃∞k=m Ak} and consequently
β(r)= lim
m→∞P{Am}6 limm→∞P
{ ∞⋃
k=m
Ak
}
= P
{ ∞⋂
m=1
∞⋃
k=m
Ak
}
= P{ lim
m→∞Am
}
.
On the other hand, if ω ∈ limm→∞Am, then for infinitely many m,
|Z(ω)− am(r)|6 r and it follows that |Z(ω)− a0(r)|6 r and
lim
m→∞Am ⊂
{|Z(ω)− a0(r)|6 r}.
Hence
β(r)6 P
{|Z(ω)− a0(r)|6 r}.
The above inequality and (7) imply (6).
Put β0 = limr→+0β(r). In order to complete the proof of the lemma it
is sufficient to prove β0 < 1.
Choose rn ↓ 0 such that β(rn) → β0 as n → ∞. If {a0(rn)} is
unbounded, then we can assume that |a0(rn)| ↑ ∞ as n→∞ and we
have
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β(rn)= P{|Z(ω)− a0(rn)|6 rn}
6 P
{|Z(ω)|> |a0(rn)| − rn}→ 0
as n→∞. Hence β0 = 0< 1. If {a0(rn)} is bounded, then as in the proof
of (6), we can assume that a0(rn)→ b0 ∈C as n→∞ and we obtain
β0 6 P
{|Z(ω)− b0|6 0}< 1
since the random variable Z(ω) is nondegenerate. The proof of Lemma 7
is completed. 2
LEMMA 8. – Let {Zn} be a sequence of nondegenerate independent
equally-distributed random variables. Then there exist an integer n0 > 0,
and two constants δ > 0 and γ ∈ (0,1) such that for any sequence
{bn} ⊂ C for which ∑∞n=0 bnZn converges a.s., the following inequality
holds:
P
({∣∣∣∣∣
∞∑
n=0
bnZn(ω)
∣∣∣∣∣> δ
[ ∞∑
n=n0
|bn|2
]1/2})
> γ.
This lemma follows from the previous one and Theorem 1, Lemma 3
in [1].
3. Proof of the main result
Now we prove the main theorem in the paper.
(i) Let σc(ω) be the abscissa of convergence of the series (1). It is clear
that σc(ω)= σ0 ∈ [−∞,∞] a.s.
By CD2 and CD3,
lim
n→∞
log |anZn|
λn
6 0 a.s.
By CD1 and the Valiron formula [10, p. 9], σ0 6 0.
If we had σ0 < 0, then there would exist σ1 < 0 such that the series (1)
would converge a.s. at s = σ1. By Lemma 8 the series ∑∞n=0 |an|2 e−2σ1λn
would converge, which is in contradiction to the Valiron formula since by
CD2,
lim
n→∞
log |an|2
2λn
= 0.
234 X.Q. DING, J.R. YU / Bull. Sci. math. 124 (2000) 225–238
The proof of (i) is completed.
(ii) By Lemma 1, ∀t0 ∈R, ∀ε > 0,
s = 2ε
pi
Ψ(z)+ it0
maps conformlly the unit disc D = {z: |z| < 1} onto the half-strip:
{s: Re s > 0, |Im s − t0|< ε}. Hence by (1),
g(z,ω)= f
(2ε
pi
Ψ(z)+ it0,ω
)
=
∞∑
n=0
anZn(ω) exp
{
−λn
[2ε
pi
Ψ(z)+ it0
]}
is a random holomorphic function in D.
The proof of (ii) can be completed by the following steps.
(1) Let us prove
lim
r→1−0T
(
r, g(z,ω)
)
/ log
1
1− r =∞ a.s.(8)
By Lemma 8, ∃ an integer n0 > 0 and two positive constants γ and δ
such that ∀z ∈D,
P
({
ω:
∣∣g(z,ω)∣∣> δh(2ε
pi
ReΨ(z)
)})
> γ,
where
h(σ )=
( ∞∑
n=n0
|an|2 e−2σλn
)1/2
.
By Lemma 1, for z= reiθ ∈D,
min
06θ6pi/4
(2ε
pi
ReΨ(z)
)
> h
(2ε
pi
max
06θ6pi/4
ReΨ(z)
)
> h
(2ε
pi
Ψ
(
r2
))
,
and consequently,
min
06θ6pi/4
P
({
ω:
∣∣g(z,ω)∣∣> δh(2ε
pi
Ψ
(
r2
))})
> γ.
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Let A be the σ -algebra of Lebesgue measurable subsets in [0, pi/4],
and define ν(A)= 4
pi
∫
A dθ for A ∈A. ∀r ∈ (0,1), let
Br =
{
(θ,ω): 06 θ 6 pi
4
,ω ∈Ω, ∣∣g(reiθ ,ω)∣∣> δh(2ε
pi
Ψ
(
r2
))}
.
Then
γ 6 (ν × P){Br} =
∫
Ω
P(dω)
pi/4∫
0
IBr (θ,ω)ν(dθ),
where IBr is the indicator function of the set Br . Let
Ω0 =
{
ω:
pi/4∫
0
IBr (θ,ω)ν(dθ)> γ /2
}
.
Then
γ 6
∫
Ω0
P(dω)
pi/4∫
0
IBr (θ,ω)ν(dθ)+
∫
Ω−Ω0
P(dω)
pi/4∫
0
IBr (θ,ω)ν(dθ)
6
∫
Ω0
P(dω)
pi/4∫
0
IBr (θ,ω)ν(dθ)+ γ /2.
Hence
P{Ω0}>
∫
Ω0
P(dω)
pi/4∫
0
IBr (θ,ω)ν(dθ)> γ /2.
Now we evaluate T (r, g(z,ω)). Without loss of generality assume that
for all ω ∈Ω , g(z,ω) is holomorphic in D. ∀ω ∈Ω0,
T
(
r, g(z,ω)
)= 1
2pi
2pi∫
0
log+
∣∣g(reiθ ,ω)∣∣dθ
> 1
2pi
pi/4∫
0
IBr log+
∣∣g(reiθ ,ω)∣∣dθ
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> 1
8
pi/4∫
0
IBr log+
∣∣g(reiθ ,ω)∣∣ν(dθ)
> γ
16
log
[
δh
(2ε
pi
Ψ
(
r2
))]
.
By the condition CD2 and Lemma 6, ∃rn ↑ 1 (rn > 0) such that
lim
n→∞
logh
(
2ε
pi
Ψ
(
r2n
))
log 11−rn
=∞.
Hence for any ω ∈Ω0, (8) holds. Since P{Ω0} > 0 and since the related
event is a tail one, (8) holds a.s.
Hence, ∃Ω1 ⊂ Ω , P{Ω1} = 1 such that ∀ω ∈ Ω1, (8) holds. By
Lemma 4, ∀ω ∈Ω1, for any bounded holomorphic function G0(z) in D,
with a possible exception,
lim
r→1−0(1− r)n
(
r, g(z,ω)=G0(z))=∞,(9)
and ∀ω ∈Ω1, for any number b ∈C, with a possible exception,
lim
r→1−0(1− r)n
(
r, g(z,ω)= b)=∞.(10)
We shall prove that (10) holds without an exceptional value b ∈C a.s.
(2) Without loss of generality we assume Ω1 = Ω . By Lemma 7 we
obtain
K = sup{P{Zn(ω)= c}: c ∈C, n= 0,1, . . .}< 1.
∀η ∈ (0,1), ∃ an integer N such that KN+1 < η. By Lemma 5, ∀ω ∈Ω ,
there exists at most one point (c0ω, c1ω, . . . , cNω) ∈CN+1, and a constant
bω ∈C such that
lim
r→1−0(1− r)n
(
r,
N∑
k=0
akckωϕk(z)
+
∞∑
k=N+1
akZn(ω)ϕk(z)= bω
)
<∞,(11)
X.Q. DING, J.R. YU / Bull. Sci. math. 124 (2000) 225–238 237
where
ϕk(z)= exp
{
−λk
[2ε
pi
Ψ (z)+ it0
]}
.
Now we prove that P{H } = 0, where
H = {ω: ∃bω ∈C such that lim
r→1−0(1− r)n
(
r, g(z,ω)= bω)<∞}.
Evidently,
H = {Z0(ω)= c0ω, . . . , ZN(ω)= cNω, ZN+1(ω), ZN+2(ω), . . .},
where c0ω, c1ω, . . . , cNω are those defined in (11). Hence,
P{H }= P{Z0(ω)= c0ω}× · · · × P{ZN(ω)= cNω}
×P{ZN+1(ω), . . .}.
Since {Z0(ω)= c0ω} ⊂ {Z0(ω)= c: c ∈C}, we have
P{H }<KN+1 × 1< η.
η(∈ (0,1)) being arbitrary, we see that P{H } = 0.
Moreover, ε > 0 being arbitrary, we obtain by the conformal mapping
introduced in Lemma 1 that for t0 ∈R, ∃Ω(0) ⊂Ω , P{Ω(0)} = 1 such that
∀ω ∈Ω(0)
inf
ε>0
inf
a∈C limσ→+0σn
(
σ ; t0 − ε, t0 + ε;f (s,ω)= a)=∞.
Arrange all the numbers in Q in a sequence {tm}. ∀tm, ∃Ω(m), P{Ω(m)} =
1 such that ∀ω ∈Ω(m),
inf
ε>0
inf
a∈C limσ→+0σn
(
σ ; tm − ε, tm + ε;f (s,ω)= a)=∞.(12)
Hence, ∀ω ∈ ⋂∞m=1Ω(m), (12) holds for all m. Since {tm} is dense
everywhere in R and limk→∞ P{⋂km=1Ω(m)} = P{⋂∞m=1Ω(m)} = 1, it
follows that the Theorem holds.
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